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Introduction



Introduction

Process data e�ciently taking into account

� Dimension

� Underlying manifold

� Time, scale localization

� Noise
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Basics



Setting

Signal supported on a manifold M

D = {x1, ..., xn} ⊂M ⊂ Rd (1)

Noisy signal :

yi = f (xi ) + εi (2)

Noise ε is i.i.d. and centered
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Frame

Let the Hilbert space H , the countable set {zi}i∈I ⊂H is a

frame with bounds A, B if :

∀Z ∈H : ‖z‖A ≤
∑
i∈I
|〈z , zi 〉|2 ≤ ‖z‖B (3)

Parseval =⇒ A = B = 1
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Frame operators

Matrix point of view of operators :

� Analysis : Tz = (〈z , zi 〉)i∈I ∈ RI

� Synthesis : T ∗a =
∑

aizi ∈ Rd

� Frame : TT ∗z

� Gramian : T ∗Ta
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Frame properties

{zi} is a Parseval frame iif :

� ∀y ∈H :
∑

i 〈y , zi 〉zi
� Frame operator S in identity on Rn

� Gramian operator U is an orthogonal projector of rank n in Rk

Furthermore, if {zi} is a Parseval frame :

� ‖zi‖ ≤ 1, for i ∈ {1, · · · , k}
� dim H = n =

∑
i ‖zi‖2
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Neighborhood Graphs

On a graph G = (V ,E ), with weight function w , we note :

Ai ,j = w((vi , vj)) if (vi , vj) ∈ E (4)

di =

|A|∑
j=1

Ai ,j (5)

We use the Euclidian distance d(xi , xj) = ‖xi − xj‖.
One can choose as Neighborhood Graph :

� k-nearest-neighbor graph (k-NN-graph), possibly weighted

� ε-graph, possibly weighted

� complete graph
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Spectral Graph Theory

Unormalized Laplace operator :

Lu = D − A (6)

Normalized Laplace operator :

Lnorm = In − D−1/2AD1/2 (7)

With D = diag(d1, · · · , dn)

The normalized eigenvectors Φi of the graph Laplace operator form

an orthonormal basis of Rn
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Construction and Properties



Frame elements : General characterisation

Use localized elements rather than {Φi}.
Considering ζk : R+ → [0, 1] s.t.

�

∑
j≥0 ζj(x) = 1 for all x ≥ 0

� #{ζk : ζk(λi ) 6= 0} <∞

One may de�ne the following Parseval frame (see Th.2) of

functions :

Ψkl =
n∑

i=1

√
ζk(λi )Φi (xl)Φi ∈ Rn (8)

0 ≤ k ≤ Q := max{k : ∃i , ζk(λi ) > 0}
1 ≤ j ≤ n
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Frame elements : General characterisation
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Multiscale bandpass �lter

Let g ∈ C∞(R+) s.t.

� supp g ⊂ [0, 1]

� 0 ≤ g ≤ 1

� g(u) = 1 for u ∈ [0, 1/b]

Let b > 1, one may use as ζk :

ζk(x) :=

g(x) if k = 0

g(b−kx)− g(b−k+1x) if k > 0
(9)

=⇒ ζk(x) = ζ1(b−kx) for k ≥ 1
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Spacial localization

Because the set form a Parseval frame :

Ψkl(x) ≤ O
(

[d(x , xl)/b
k ]−v

)
∀v > 0 (10)

Example of g strongly localized on [0, 1] :

Ψkl(y) := sin(kl) sin(ky) (11)
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Denoising



Soft thresholding

yi = f (xi ) + εi , E[εi ] = 0,Var(εi ) = σ2

Coe�cients may be written :

bkl = 〈Ψkl , y〉 (12)

Soft thresholding coe�cients technique :

Ss(z , c) = sgn(z)(|z | − c)+ (13)

Setting a parameter t, we set ckl = σ‖Ψkl‖t. Then, we can

estimate f :

f̂s =
∑

S(bkl , ckl)Ψkl = T ∗S(b, c) (14)
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Performance

Mean Square Error measure (MSE)

Risk(f̂ , f ) = Eε

(
‖f̂ − f ‖2

)
(15)

Oracle technique case, "keep or kill" :

Risk(f̂I , f ) ≤
∑(

a2kl .χ{(k , l) /∈ I}
)

+ σ2‖Ψkl‖2.χ{(k , l) ∈ I}
(16)

Follows bounded minimization :

inf
I
Risk(f̂I , f ) ≤

∑
kl

min
(
〈f ,Ψkl〉, σ2‖Ψkl‖2

)
=: OB(f ) (17)
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Performance

Risk(f̂ , f ) ≤ (2 log(n) + 1)(σ2 + OB(f )) (18)
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Results



Test on piecewise constant functions
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Test on piecewise constant functions
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Ending
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End

Thank you for your attention.
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