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Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines

-olution of 1-D impulses
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Introduction : Principle of super-resolution in 1-D an

A convex approach for the super-resolution of 2-D lines

-deconvolution on a grid
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Introduction :

A convex approach for the super-resolution of 2-D lines Mod and ”> . -,
-esolutlon of 1-D |mpu|ses off-the-grid
X:ZCk(Stka >0, t=>0 y
k=1

Minimization (convex regularization)

1
argmin > lly — Apl + Xl
o

Reference : (Candeés, Fernandez-Granda, 2012) A
du(t) = f(t)dt
el oy = S (Ixllpy = [lell X <
rv=/ ™V 1 UI‘
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Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

-gm of the atomic decomposition
K

x:cha,-, >0 aecA

Atomic norm (Chandrasekaran et al., 2010)

lIx||.4 = inf{t >0:x € tconv(A)} _ { /d}
:inf{an:x:ana} o 2\1)
acA acA
A= {l) B Lo [4])
x4 = Il 3¢
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Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

-resolution of 1-D impulses off-the-grid

y

N ~ ~
argmin > [y — AX| + A %]

Reference : (Tang, Bhaskar, Recht et al., 2013)
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Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

Super-resolution of 2-D impulses off-the-grid

K y
/)E:Z fi) fk:(fk17fk2)€R2
k=1

.AQD = {a( (CNXN} fk = a(fk1)®a(fk2)

Xl 40p, :inf{ Z Ca:X= Z caa}

acAsp acAsp

Minimization (convex regularization)

arg min > Iy — AX[|* + A (3.

K
Reference : (Xu et al., 2013), (Chi and Chen, 2015) g

k=1
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A convex approach for the super-resolution of 2-D lines
-I ution of 2-D lines off-the-grid

K
Xﬁ(tl, tg) = Z CY/((S(COS Qk(tl—nk)—l—sin Hk t2)

k=1
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K
Xﬁ(tl, t2) = Z (Yk(S(COS Hk(tl—r]k)+sin Hk tz)

k=1

v/ Atomic formulation in Fourier?

X Compute atomic norm |[x*||.4,,7

Super-resolution of 2-D lines? NK/
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Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines Modellng blurred lines and the inverse problem
cal experiments

Convex minimization and num

-solution of 2-D lines off-the-grid

y
K
xt2 t1) Z avd(cos Oy (tL—1))+sin 0y 1)
k=1
L A
l
v/ Atomic formulation in Fourier? \ \/
v Compute atomic norm [|X ||.4,,,? X \
v/ Super-resolution of 2-D lines?
X <
K
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A convex approach for the super-resolution of 2-D lines Modellng blurred lines and th rse problem
Convex minimization and nun | experiments
-solutlon of 2-D lines off-the-grid
K
xt1 to) Z b (cos O, (tr—1))+sin 0y tp)
k=1

v/ Atomic formulation in Fourier?
v Compute atomic norm [|X% ||.4,,,?

v/ Super-resolution of 2-D lines?
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Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

Modeling the blurred lines

K

XI:1 : (tl, tz) ceP— ZOék5(COS Qk(tl — ?7k) + sin 6, t2)
k=1

bﬂ[”la o] = (Xji * @)(ny, m),  ¢(n1, n2) = g[m]h[n:]

n2

I <
xE % ¢ b* K




Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

-Iing the blurred lines

K
X' [m, ng] = (F1x*)[m, ny] = Z ckeJ27r< b kg )m
k=1 Ck = S > 0

cos By —
b’[m, ] = (B[m|x'[m,]) x h — AX' = b

= + as + as
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Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

Reconstruction steps

zt b? + masque

<
NK
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Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

PRONY
al b? + masque
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-D and

A convex approach for the super-resolution of 2-D lines Moc

Convex minimization and numerical expenments

-: decomposition of columns and rows

N K ,2Tr(tan9kn+7]7k)m
K[m, m] =Y e W PTWIT  m = M, M
k=1

R i tan(v‘k n +27'r7]krn
X [m, n2]—2 cke”r m)ne W om=0,....,H-1

o iju = Z k@, 0)) (columns of X, without phase)

K
Q1 = Z cka(fo s Gmi )T (rows of X, with phase)

a(F. 0)] = X7 ¢ 4 &
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Introduction : Principle of super-resolution in 1-D an

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and tk e problem

Convex minimization and numerical experiments
.atheodory theorem

Theorem (Caratheodory, 1907)

A vector z = (z},_4,...,2f,20,21,...,2N-1), Withzp € R, is a
positive combination of K < N atoms a(f,,|0]) if and only if
Tn(zy) =0 and is of rank K, where z, = (z,...,2zy-1) and

* *
ZO Zl PR ZN—]_
Z; 2y [N Z;\{/—2
Ty:zy = (20,-.-,2n-1) — _
ZIN-1 ZN-2 " 2p

Moreover, this decomposition is unique if K < N.

K
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Introduction : Principle of super-resolution in 1-D a

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

.omic decomposition of one line (K = 1)

tan 61

Ati[m n2] — Clej27r( n +TI1 )m _ Clej27r((f1—fb)n2+fo)m

with fo = —n1 /W and f; = (tan 6y — 1)/ W.

o /?,2 = ¢ a(f,,1,0) (one atom without phase)
Q i, =ca(/1,0m1)" (one atom with phase)

a(fom, 1k". Om.1) §|‘
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Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

Atomic characterization of one line (K = 1)

Characterization of one sampled line in Fourier

A matrix X is of the form X[m, n] = ¢;e2 (A=f)n+h)m) if and
only if the columns /,, and rows t,, of X are such that
Twm(/,) = 0 and of rank 1, Py(t,,) is of rank 1 and

x[0, n] = X[0, 0] for all m and n.

* *
2y Zl ce ZN—l ZK ZK—1 *°° 2y
*
Z1 20t Zy—o ZKk+1  Zk Z1
ZN—-1 ZN-2 ¢ 2y ZN—-1 ZN-2 " ZN—-K-1
N - J/ NG -
=Tn(2) =Pk(2) <
K
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Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

Atomic characterization of one line (K = 1)

Characterization of one sampled line in Fourier

A matrix X is of the form X[m, n] = ¢;ei?7(A=f)r+o)m) if and
only if the columns /,, and rows t,, of X are such that
Twm(/,) = 0 and of rank 1, Py(t,,) is of rank 1 and

x[0, n] = X[0, 0] for all m and n.

Convex relaxation: since Ty(/,,) = V,,diag(cy,. .., ck)V;,
with the Vandermonde matrix V,,, = (a(fn, 1), - - -, a(fo.k)),
we get:

ITaa () [« o {1, ]| 4

<
VK
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A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

-c norms computation

Q I}, =i ca(foi,[0]) © Tuya(lh) = 0 + of rank K

Atomic norm without phase (Caratheodory, 1907)

Since K < M the decomposition is unique then

17,114 = Yoiey e = %[0, mp] = ¢*

o tjfn = Z;,le Cka(fm./ﬂ Om.k )T

Atomic norm with phase (Tang et al., 2013)

It |la= inf {%Tr(TN(q))Jrlt: (TN(q) t?,,)

S

)

VK
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A convex approach for the super-resolution of 2-D lines

Introduction : Principle of super-resolution in 1-D and 2-D

Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

.tomic norms computation

Q I =1 ca(fok,[0)) & Taa(lh) = 0 + of rank K

Atomic norm without phase (Caratheodory, 1907)

Since K < M the decomposition is unique then

K
117,114 = o4y & = %[0, o] = c*

o tEn = Zl’le Cka(fm-ka

Atomic norm with phase

¢m,k




Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

Convex optimization problem

Proposition (Convex minimization)

Lins =
% € argmin = ||AX -y
X,qEX X Q 2

(Vn, =0,....H—1, Vm=1, ..M,
x[0, n] =x[0,0] < c,

under constraints ¢ q[m,0] < ¢,

Ty(x[m,],a[m,:]) =0,

( Tma(X[:,m]) = 0.

<
NK
Kévin Polisano GRETSI 2019 15/20



Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

Convex optimization problem

Proposition (Convex minimization)

1.
% € argmin = ||AX — |2,
X,qEX X Q 2
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Ve

(Chambolle et Pock, 2010)

~

Q-1
X = argmin { F(X) + G(X Hi(Li(X
arg min (X) + G(X) + ; (Li(X)) S
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0 Principle of sup olution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Model blurred lines and the inverse problem

Convex minimization and numerical experiments

zt bf + masque
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Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

PRONY
at bf ++ masque
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Introduction : Principle of supe lution in 1-D and
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and tk e problem
Convex minimization and numerical experiments

-er—resolution of lines in two steps

Convex optimization y — X

1 =112 S
argimlni ly — AX|| —l-)\;HXn”AlD

y

Spectral estimation X — { , 0., 7. b«
i no

-~ 075 '27r(ta n+”—k)m
x*[m, ny] = E — ¢’ wo T w

cos (/
k=1 &

Prony T

K <
{ak7 eka Uk}k:1 — Xﬁ UI‘




Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

Numerical experiments

@ Denoising lines:

image000

Theoritical Empirical

<
K
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Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

I Numerical experiments

@ Denoising and deconvolution

Exp. 1 Exp. 2 Exp 3. Détection

Table: Relative errors of the line parameters estimation

‘ Experiment 1 H Experiment 2 H Experiment 3 ‘
Do/ | (1077,3.107°,7.1077) || (1072,6.1072,0.1072) | (6.10~7,9.10-5,8.10°°)
Ao | (1077,1077,1077) (1072,9.1072,2.10"1) || (4.1075,2.1075,2.1075)
A, | (41076,7.1076,7.107%) || (5.1072,4.1072,3.102) | (5.1075,107%,3.107%) <

VK
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Introduction : Principle of super-resolution in 1-D and
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

Numerical experiments

@ Closed lines

Noisy Noisy Ground truth Detection
@ Multiple lines

Noisy Ground trutht  Detection \<,|(
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Introduction : Principle of super-resolution in 1-D and 2-D

A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

Numerical experiments

@ Spatial inpainting

AVANAN

Masking iter = 2000  iter = 10000 iter — oo
@ Inpainting in Fourier

NV
Masquage iter = 2000  iter = 10000 iter = oo

Kévin Polisano GRETSI 2019
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Introduction : Principle of super-resolution in 1-D an
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

Numerical experiments

@ Inpainting with big mask

L \ 7
MA

Masquage Inpainting Masquage Inpainting
@ Inpainting with random mask

Masquage Inpainting Masquage Inpainting
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Introduction : Principle of super-resolution in 1-D and 2-D
A convex approach for the super-resolution of 2-D lines Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

Conclusion

v" New method for the super-resolution of 2-D lines, with
dedicated 1-D atomic norms penalities enforcing sparsity

v Penalize in both directions can lead to the exact solution

X No theoretical guarantees about separation conditions
and statistical analysis for recovering the exact solution
v Solving the convex optimization problem by a primal-dual
splitting algorithm
X Slow convergence : for each iteration perform SVD onto
all the Toeplitz matrices made from rows and columns
v/ Extraction of the line parameters combining spectral
estimation on rows/columns achieves subpixel accuracy
5«



A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

Thank you for your attention
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-cies extraction from columns and rows

o I‘f,z = K cka(fr, 0) (columns of X, without phase)
Q =31 ckalfin s, oms)T (rows de X, with phase)

x(t) = x1(t) + xo(t) xi(t) = exp <j27rt) x(t) = e><p <j27rt>

. . <
= spectral method estimation (Prony, ESPRIT, MUSIC, Matrix Pencil...) VK
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I
- method

K

X = Zpk(e_f‘“k)m, ok €C, wy € [—m,7], m=-M,....M
k=1 T

Zk

K

Annihilating filter : H(z) = H(z —Zk) = Z hy 2

k=1 k=0

K K K .
Z thm—j Z h (Z kak ) = Zka;(n (Z hjZ,:J) =0
j=0 k=1 k=1 j=0
~— —
H(zx)=0 <
NK
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-I method : annihilating polynomial

K
Xm = Zpk(e—f‘“k)m’ ok €C, wy € [-m7], m=-M,....M
K
Annihilating filter : H(z) = H(z —Zk) = Z hyz¥
k=1 k=0
K
thjxm_J—O Vm=-M+K,.. M& xxh=0
j=0
X_MiK X_Mm ho 0
(4] : = = TKh =0

xm o xm-k) \hk 0 S«
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- method : frequencies estimation

K
Xm = Zpk(e’f“k)m, ok €C, w € [-m,7], m=-M,.... M
1 T/
K
Annihilating filter: H(z) = H zZ—Z) Z hiz
k=1
@ h = sing. vec. for A =0 of
XMtk 0 XM
Tk = .
X\ e XM_K
@ Z, = roots of the polynomial H(z), puis wx = arg(zx) S«
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-method : amplitudes estimation

K
@ X, = Zpk (e‘jwk)m, Vm=-M,....M
k=1

ejMw1 . ejMwK p1 X_
o : : : = : = Up = X

eiMer . gmiMe |\ 5 Xy
Least-square method :

U"Up = U'x <= p = (U"U)TU"x
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Expériences numériques

Avec la transformée de Hough

@ Espace de Hough pour la détection de lignes :

X

Squelettisation Détection pics Reconstruction

X

Squelettisation Détection pics Reconstruction
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Expériences numériques

Avec la transformée de Radon

@ Espace de Radon pour la détection de lignes :

Détection pics Détection pics Détection pics VK
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Expériences numériques

Avec la transformée de Radon

@ Limite de ces transformées discrétes attachées a la grille :

Exp. 1

S«
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